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tion of the nosetip with 50 u-in. roughness and indicate that
transition had occurred at a Reynolds number of approxi-
mately 1.8 x 10%. These results provide additional evidence of
nosetip threshold conditions that determine when the nosetip
would produce low frustum transition Reynolds numbers.
This example also illustrates a case of unsteady transition loca-
tion for this early frustum transition condition. Transition
steadily moved rearward with increasing time and in 2.5 s both
sides of the model had a completely laminar boundary layer.
(The time interval for each sequence of data is indicated. As
shown, =0 is the time when the model arrived at the tunnel
centerline.)

It was interesting to relate the transition reversal results of
Refs. 3 and 4 to these present findings. An estimate of the
sonic point conditions for the experiments of both references
indicated they were close to the threshold conditions for the
case of nosetip-instability-dominated frustum transition. This
suggests the possibility that these transition data were not
really a transition reversal resulting from frustum surface tem-
perature changes, but may have resulted from nosetip instabi-
lities.
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Introduction

SCILLATORY flows with zero mean velocity can be
found in a variety of natural phenomena. The classic ex-
ample of oscillatory flows in unbounded stagnant fluid is that
over an infinite flat plate executing periodic sinusoidal motion
along its plane. This was solved by Stokes' and is often refer-
red to in the literature as Stokes flow. Some characteristic
features of this flow are that, although the flow oscillates at
the same frequency as the plate, it lags behind the plate, and
the phase lag is proportional to the distance from the plate.
The layer of oscillatory flow also is referred to in the literature
as “‘Stokes layer.”’? Although there are not many engineering
problems that can be classified as Stokes flow, it should be
noted that Stokes layers can be embedded in other flowfields
with almost independent properties. An example of this is in
unsteady laminar boundary-layer flow. Lighthill® found
mathematically that at large frequency of unsteadiness, a
Stokes layer with profiles independent of the profiles of the
steady layer is generated. Unsteady laminar boundary-layer
flow has engineering application in the design of turbine and
compressor blades where the flow along the blade is subjected
to disturbances caused by the wake of preceding row of
blades.
In the present Note, a general oscillatory Stokes flow in-
cluding the transverse curvature effect is presented.

Analysis
It is assumed that a circular cylinder of radius a is of infinite
length and oscillates azimuthally in a stationary, unbounded,
incompressible Newtonian fluid. The equation of motion in
cylindrical coordinates can be reduced to

ou u N 1 6u> "
ar \or r or

and the boundary conditions are

r=a, u=U, coswot and r=oo, u=0

where » is the kinematic viscosity and w the angular frequency.

Equation (1) is a linear, second-order partial differential
equation. It can be solved by separation of variables. As-
suming

u(r,ty=P(ryQ(n @

the solutions of functions Q and P are

Q=Ae™ (3)
P=BIl,(Niw/v r) + CKy(Niw/v 7) [e))

where A, B, and C are constants, I, and K, are modified zero-
order Bessel function of first and second kind, respectively.
The function I, does not converge when r— oo; thus, B must be
equal to zero in order to satisfy the boundary condition.

The solution of Eq. (1) subjected to the boundary condi-
tions can then be written as

WD) =U [kero(ka)kero(kr) + keiy (ka)keiy (kr) cosef
SR ker (ka) + keiZ (ka) @
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Fig. 1a Velocity profiles (ka=0.1).
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Fig. 1b Velocity profiles (ka =100).
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where k =V w/v.
Writing

No (kr) =/ker (kr) + ke (kr)

_ kery (kr)
COS¢0 ——N()(Tr)—
. _ kei, (k_{)ﬁ
SN =5 (k)
o= o (ka)

Equation (5) can be rewritten as
u(r,t) = Up[Ny(kr)/ No(ka)] cos(wt + ¢g — o) (6)

where Uy[Ny(kr)/Ny(ka)] is the velocity amplitude of oscilla-
tion and ¢ — ¢, the phase angle. Both the velocity amplitude
and phase angle are functions of the distance from the surface
of the cylinder.

The skin-friction coefficient can be obtained by determining
the velocity gradient at the wall and is given by

Cf = (Tw/ VZPU()Z)
= (2/kA) [N (ka)/Ny(ka)] cos(wt+¢; ~¢y) )

where A is the amplitude of oscillation, i.e., U, =Aw, and

N, (kry =~ker (kr) + kei? (kr)

coso, = Lkerg (kr)/N, (kr)]
sing, = [keig(kr)/N, (kr)]
oy =¢y (ka)

Results and Discussion

The velocity profiles were calculated from Eq. (6) numeri-
cally and plotted against ky, where y =r—a for two different
values of ka at various phases of oscillation w? in Figs. 1a and
1b. The figures show that the velocity profile has the form of a
damped harmonic oscillation with a velocity amplitude of
UyN,y (kr)/N,(ka) and a phase lag of (¢, —¢,) with respect
to the motion of the wall. The damping increases with decreas-
ing ka. This is also evident in the plot of velocity amplitude
against ky for various ke in Fig. 2. The increase in damping
generates a steeper velocity gradient at the wall resulting in
higher wall shear stress that opposes the oscillatory motion of
the cylinder.

The limiting case of the present analysis, when the radius of
cylinder is infinitely large, is the oscillatory motion of a flat
plate. Thus, the classical Stokes flow is a special case of the
present more general analysis, and Eq. (6) can be shown to
reduce to

: k
u(y,t) = Uge™ “Dy cos (wt—ﬁy> 8



AUGUST 1989

TECHNICAL NOTES 1139

No(kr)
* Ne(ka)

0-5 ka =100

ky

Fig. 2 Variation of velocity amplitude with ky.
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Fig. 3 Effect of transverse curvature on C; amplitude and phase angle at k4=1.

for the oscillatory flat plate. This verifies that the present
theoretical analysis is sound.

The amplitude of the skin-friction coefficient C; and the
phase-lag angle (¢,—¢,) in Eq. (7) were calculated
numerically and plotted against ka in Fig. 3 for the case of
kA = 1. For oscillatory flat-plate motion, it can be deduced
from Stokes flow that Cris 2, and it lags behind the oscillatory
motion of the wall by 135 deg. Figure 3 shows that C, and
(¢o—¢,) in the present flow approach the flat-plate values
asymptotically when ka=100. They also increase with
decreasing ka.

Conclusions

The above analysis shows that the effects of transverse cur-
vature are to increase the damping of velocity amplitude and

skin friction in Stokes flow. They can only be neglected for
ka=100. Thus, in calculating the unsteady laminar boundary-
layer flow along a circular cylinder, the transverse curvature
effects must be considered.
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